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INTRODUCTION

First realization of Bose-Einstein Condensation (BEC) in cold atomic gases in 1995:

In these experiments, a large num-
ber of (bosonic) atoms is confined to
a trap and cooled to very low tem-
peratures. Below a critical tem-
perature condensation of a large
fraction of particles into the same
one-particle state occurs.

Interesting quantum phenomena arise, like the appearance of quantized vortices and
superfluidity. The latter is related to the low-energy excitation spectrum of the system.

BEC was predicted by Einstein in 1924 from considerations of the non-interacting Bose
gas. The presence of particle interactions represents a major difficulty for a rigorous
derivation of this phenomenon.
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THE BOSE GAS: A QUANTUM MANY-BODY PROBLEM

Quantum-mechanical description in terms of the Hamiltonian for a gas of IV bosons in
a trap potential V' (x), interacting via a pair-potential v(x). In appropriate units,

N

Hy =) (=Ai+V(z))+ > oz —aj)

i=1 1<i<j<N

The kinetic energy is described by the A, the Laplacian on R3.

As appropriate for bosons, H acts on permutation-symmetric wave functions
U(zy,...,zy) in @ L2(R3).

The interaction v is assumed to be repulsive and of short range.

We will be interested in the excitation spectrum, i.e., the eigenvalues of H near the
ground state energy Fy(/N) = inf spec Hy.
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WEAK INTERACTIONS

To describe a regime of weak interactions, one can consider the mean-field or Hartree
scaling, where one takes

N

Hy =Y (- V@) + 5w 3 o))

i=1 1<i<j<N

In this case, kinetic, trapping and interaction energies are of the same order for large V.
In this limit, one has

Eo(N)  _w . om
N

where
() = [ (Vo +V@le@)de+ 3 [[  lo@Poe— o) e dy

In addition, there is complete Bose—Einstein condensation in the ground state, with
condensate wave function giving by the minimizer of the Hartree functional, which will be
denoted by ¢ (and will be assumed to be unique).
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THE BOGOLIUBOV APPROXIMATION

In the language of second quantization, Hy equals

/ (Va'(z)Va(z) + V(z)a' (z)a(x)) da —I— — // v(x — y)a(y)a(x)dxdy

R3 ]R3 x R3

The Bogoliubov approximation consists of writing a(z) = vV N¢o(x) + b(x) and
dropping all terms higher than quadratic in b(x).

The zeroth order term is simply £ (¢g) = E*. The resulting quadratic Hamiltonian reads

HBoe = / (Vb1 (z)Vb(x) + V(2)b (2)b(z) + |po|? * v(z)b' (2)b(x)) dz

. / / w(z, y) (267 (@)b(y) + b (@)bT (y) + b@)b(y)) dady

R3 xR3

where w(zx,y) = ¢o(x)v(x — y)do(y), and * denotes convolution.
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BoGoOLIUBOV TRANSFORMATION

The quadratic operator H°% can be diagonalized via a Bogoliubov transformation:
Let

1
K = —A+V(x)+|¢o|**v(x)—e0 , €0 = EH+§/ [0 () v(z—y)|do(y)|*dzdy
R3 xR3
and 1/2
E = <K1/2 (K + 2w) K1/2)
Then

UHBesyT = gBos Zeza a,

where e; > 0 are the (non- zero) eigenvalues of E, and the a, are suitable linear combina-
tions of [ f(x)b'(x) and [ f(z)b(z)dx, respectively, with fqﬁo ) f(x)dz = 0.

In particular, the excitation spectrum of HB°8 is of the form

Z e;N; with n; € N.

)
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MAIN RESULTS

THEOREM 1 (Grech, S, 2013). The ground state energy Ey(N) of Hy equals

Eo(N) = NEH 4 EBos L O(N—1/2)

with |
EBog — 5Tr(E—K—w)

Moreover, the excitation spectrum of Hy — Eo(IN) below an energy & is equal to

S cons + 0 (€72N12)

where e; > 0 are the eigenvalues of E, and n; € {0,1,2,...} for all i.

The proof consists of constructing a unitary operator U that makes UHNUT close to the
operator NEM + EBo% 1 3" ¢;ala.. In particular, the excited eigenfunctions can be

obtained by acting with products of Ua;raoUT on the ground state!
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EIGENVALUES OF FE

The emergence of the effective operator E can also be understood as follows. One considers
the time-dependent Hartree equation

i0pp(x,1) = (A + V(x) + v * [z, 1)) p(x, 1)
and looks for solutions of the form
d(z,t) = e "= (¢o(x) + u(z) e ™" +y(z) ")

for some w > 0. Expanding to first order in u and y leads to the Bogoliubov—de-

Gennes equations
K +w w u
—w  —(K 4+ w) y | y |

The positive values which can be assumed by w are then interpreted as excitation energies.
This is in agreement with our result: the values for w obtained this way are precisely the
eigenvalues of .
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THE TRANSLATION-INVARIANT CASE

In the absence of a trap (V(x) = 0, and the particles confined to a torus), Hx commutes

with the total momentum P = —i ij:l V; and hence one can look at their joint
spectrum. Of particular relevance is the infimum

E,(N) =infspec Hy [p—,
The operator E is then diagonal in momentum space, with eigenvalues

ep = |p|v/20(p) + |p|?

\ ‘ '
In particular, for interacting systems one ob- > L
tains a linear behavior of E,(N) — Ey(N) o (k) /
4
for small gq. \ o ()

The linear behavior is important for the superfluid behavior of the system. According to
Landau, min,(E,(N)— Eo(N))/|q| is, in fact, the critical velocity for frictionless flow.
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(GENERALIZATIONS AND EXTENSIONS

[Lewin, Nam, Serfaty, Solovej, 2014] extended this result to more general
types of kinetic energy and interaction operators (with less control on the error
terms, however)

In the translation invariant case, [Derezinski, Napiorkowski, 2014] studied the
case of weakly N-dependent v, scaling to a d-function as N — oo (or, equivalently,
the case of large volume)

Generalized to potentials of the form N =130y (Nfx) with 0 < 8 < 1 by [Boccato,
Brennecke, Cenatiempo, Schlein, 2017-2019]

Degenerate Hartree minimizers, as well as collective excitations, where conden-
sation occurs in a (non-linear) excited state of the Hartree functional [Nam, S, 2015]

Bogoliubov correction to the Hartree dynamics of bosons (|[Lewin, Nam, Schlein,
2013] ... )

In the Hartree regime, an expansion to all orders in 1/N is possible [Bo3mann,
Petrat, S, 2020]. (Related work by [Pizzo 2015].)
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IDEAS IN THE PROOF

The proof consists of two main steps:

1. Map L2 (R3N) to =" < F., the Fock space over the orthogonal complement

sym
of ¢g, via

N
UV=> ¢, ®@¢g" ", UV ={go,...,¥n,0,...}
n=0
It satisfies, for f,g L ¢,

"(f)a(g)UT = a'(f)a(g)

(
(v0)a(g)UT = /N —N_a(g)
UCLT(SOO)&(SOO)UJr =N -—-N|

Ua
Ua'

2. Show that U(Hy — NE®)UT is well approximated by the Bogoliubov Hamiltonian
HBog e, terms of higher order than quadratic are negligible compared to the main
terms, at least at low energy.
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CONCLUSIONS

Rigorous bounds on the excitation spectrum of an interacting Bose gas, in a
suitable limit of weak, long-range interactions.

Extensions to dilute gases with short-range interactions are possible (but are much
more complicated).

With the notable exception of exactly solvable models in one dimension, these are
the only models where rigorous results on the excitation spectrum are available.

Verification of Bogoliubov's prediction that the spectrum consists of elementary
excitations, with energy that is linear in the momentum for small momentum. In
particular, Landau’s criterion for superfluidity is verified.

For the future: thermodynamic limit, relation to superfluidity, fermionic systems
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