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Many-Body Quantum Mechanics

m NN particles in R3: state is described by wave function

on e PR™M), w2 =1.
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Many-Body Quantum Mechanics

m NN particles in R3: state is described by wave function

oy € LPRMN),  lowl2=1.

m Bosons: symmetric w.r.t. permutations,

wN(Xﬂ.(l), e ,Xﬂ.(N)) = wN(le e 7X/\/) for all m € Sy

m Fermions: antisymmetric w. r.t. permutations,

¢N(Xw(1)a R >X7r(N)) = sgn(7r) @Z)N(Xl, R ,XN) for all m € Sy.
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Many-Body Quantum Mechanics

m NN particles in R3: state is described by wave function
on e PR™M), w2 =1.
m Bosons: symmetric w.r.t. permutations,
YN (Xr(1)s - - -5 X)) = Yn(XT, -5 Xn) for all m € Sy.
m Fermions: antisymmetric w.r.t. permutations,
YN (Xr(1)s - - -5 Xr(nv)) = SEN(T) Pu(xa, o5 Xn) for all m € Sy.

m For one-particle observables, i.e. self-adjoint operators O on L?(IR3):

Expectation value: tr Oy, with

Yo = tra NN (Un]

the one-particle reduced density, a trace-class operator on L2(R3).
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Time Evolution

m Exact evolution: Schrédinger equation

iDehe = Hbe,  tho = ¢ € LA(R3N),

with Hamilton operator

H= Z —Aj+N D V(xi— x).

1<i<j<N
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Time Evolution

m Exact evolution: Schrédinger equation
i0cbe = Hie, o = € LP(RPY),

with Hamilton operator

H = Z —Aj+X D> V(i —x).

1<i<j<N

m E.g. by Kato-Rellich: H self-adjoint, D(H) = H?(R3N).
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Time Evolution

m Exact evolution: Schrédinger equation

iDehe = Hbe,  tho = ¢ € LA(R3N),

with Hamilton operator

H = Z —Aj+X D> V(i —x).
1<i<j<N
m E.g. by Kato-Rellich: H self-adjoint, D(H) = H?(R3N).

m But: In physical systems N is huge. How to make predictions?

Goal: Approximate v, by effective equation. Estimate error for N >> 1. J
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Physical Regimes

Simplest:

m Bosonic mean-field regime

Studied in my thesis:

m Bosons in Gross-Pitaevskii regime: Strong interaction and strong
correlations.

m Fermionic mean-field regime: Semiclassical parameter and
semiclassical structure.

m Fermionic mean-field regime with relativistic dispersion.
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Bosonic Mean-Field Regime

m High density, weak interaction

N N
H= >0 —0+ 5 > Vi —x)
Jj=1 i<j
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Bosonic Mean-Field Regime

m High density, weak interaction

N N
H= >0 —0+ 5 3 V=),
Jj=1 i<j

m Initial data: ground state in trap, Bose-Einstein condensate (T = 0)

Yo @@y, e l*(R).
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Bosonic Mean-Field Regime

m High density, weak interaction

N N
H= >0 —0+ 5 3 V=),
Jj=1 i<j

m Initial data: ground state in trap, Bose-Einstein condensate (T = 0)
Yo~ p®--®¢, e l*(R).

m We expect:
Ve~ pr @ ® o,

where ¢; solves Hartree equation

iOrpe = —Apr + (V * th\z) P, po=

415



Proofs of Validity

Spohn '80, Erdés-Yau '01, Pickl '11, Fréhlich-Knowles-Schwarz '09,
Knowles-Pickl '10, Hepp '74, Ginibre-Velo '79, ...

Theorem (Rodnianski-Schlein '09, Chen-Lee-Schlein '11)
Let V2 < C(1—A). Let
Wy solution of Schrédinger equation with g = p ® -+ & @,

- solution of Hartree equation with pg = .
Then

C
||/y¢t - |90t><§0t|||tr S Necltl.

Remark: |¢¢)(p¢| = one-particle reduced density of p¢ @ - -+ ® 4.
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Bosons in the Gross-Pitaevskii regime



Releasing a Bose-Einstein Condensate from a Trap

0

Ims 2ms 3ms 4ms 5ms 7ms S9me

A. Griesmaier et al, Phys. Rev. Lett. '05
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Gross-Pitaevskii regime

m dilute strongly interacting gas of bosons
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Gross-Pitaevskii regime

m dilute strongly interacting gas of bosons
m interaction range ~ N1

H= Z A+/\/2Zv Xi — Xj))-

i<j

m interaction is repulsive, V >0
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Gross-Pitaevskii regime

m dilute strongly interacting gas of bosons
m interaction range ~ N1

H= Z A+/\/2Zv Xi — Xj))
i<j

m interaction is repulsive, V >0
m Bose-Einstein condensation in trap (Lieb-Seiringer '02):

Let ogp € L?(R3) minimize

Ep(¢) i= [ (196 + Vaplol? + 4maolel®) dx, el = 1,

where ag: scattering length of V.

The ground state 1) of Hirapped Satisfies

Yo — leap)(eap| (N — o).
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Effective Evolution Equation

m Erdds-Schlein-Yau '06-'08, Pickl '10:

Let 9, solve the Schrédinger equation; assume vy, — |¢)(¢| and
bounded energy per particle in .
Then

Yoo — lee)lpe] (N — 00),

where ¢, € L?(IR3) solves the Gross-Pitaevskii equation

i0rpr = —Dpr + 8ma0pe|?0r,  po = ¢
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Effective Evolution Equation

m Erdds-Schlein-Yau '06-'08, Pickl '10:

Let 9, solve the Schrédinger equation; assume vy, — |¢)(¢| and
bounded energy per particle in .
Then

Yo — lpe)(pel (N = 00),

where ¢, € L?(IR3) solves the Gross-Pitaevskii equation

i0rpr = —Dpr + 8ma0pe|?0r,  po = ¢

m C.f. mean-field:
. _ 3 2 2
iOrpr = —Agpr + (N V(N.) * [t ) o —  —Ap: + bl .

Mean-field theory not valid. Correlations on short length scale!
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Effective Evolution Equation

m Erdds-Schlein-Yau '06-'08, Pickl '10:

Let 9, solve the Schrédinger equation; assume vy, — |¢)(¢| and
bounded energy per particle in .
Then

Yoo — le)lpel (N = 00),
where ¢, € L?(IR3) solves the Gross-Pitaevskii equation
iOcpe = —Depe + 8raoleePpr, o =g

m C.f. mean-field:
. _ 3 2 2
iOrpr = —Agpr + (N V(N.) * [t ) o —  —Ap: + bl .

Mean-field theory not valid. Correlations on short length scale!

m Error bounds? Need new methods without BBGKY
hierarchy /compactness.
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Second Quantization

m Bosonic Fock space

F=CoL’R)® &2

symm

R3N)@...
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Second Quantization

m Bosonic Fock space
F=Cal’R)a® - Lfymm(Rw) @ -

m a}, a,: create/annihilate delta distribution at x € R3.

Canonical commutation relations:
[ax,a)] =d(x —y),  [ax,ay] =[a;,a)] =0

m Vacuum:
Q=1{1,0,0,...} e F
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Second Quantization

m Bosonic Fock space

F=Caol’R)@---@L2

symm

(R?sN)69

m a}, a,: create/annihilate delta distribution at x € R3.

Canonical commutation relations:

[, a)] =0(x=y),  [aca] =[a 8] =0

m Vacuum:
Q=1{1,0,0,...} e F

m Hamiltonian extended to Fock space:

1
H ::/vxaivxax dx+§/N2V(N(x—y))aia;ayax dxdy
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Construction of Initial Data
m Weyl operator: for f € L?(IR3)

W(f) =exp </ ayf(x)dx — h.c.) . F—>F
m Coherent states:

_ fof fo.of
W(F)Q = e IfI3/271 £
(") { V2! VNI

No correlations. Used for mean-field by Rodnianski-Schlein.

,...p€F.
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Construction of Initial Data
m Weyl operator: for f € L?(IR3)

W(f) =exp </ ayf(x)dx — h.c.) . F—>F
m Coherent states:

_ fof fo.of
W(F)Q = e IfI3/271 £
(") { V2! VNI

No correlations. Used for mean-field by Rodnianski-Schlein.

,...p€F.

Modeling correlations by a Bogoliubov transformation
T(kt) = exp (/kt(x;y)ajia; dxdy — h.c.),

ke(x;y) = N(f (N(x—y)) — 1) e (x)pe(y),

1
2V>f—0, f(x) — 1 for |x| — oo.

where (—A +
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Construction of Initial Data
m Weyl operator: for f € L?(IR3)

W(f) =exp </ ayf(x)dx — h.c.) . F—>F
m Coherent states:

_ fof fo.of
W(F)Q = e IfI3/271 £
(") { V2! VNI

No correlations. Used for mean-field by Rodnianski-Schlein.

,...p€F.

Modeling correlations by a Bogoliubov transformation
T(kt) = exp (/kt(x;y)ajiaj dxdy — h.c.),

ke(x;y) = N(f (N(x—y)) — 1) e (x)pe(y),

1
where (—A + 2V) f=0, f(x) — 1 for |x| — oo.

m Squeezed Coherent States: W(v/Ny:) T (k:)Q € F.
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Error Bound

Theorem (B-Oliveira-Schlein '12, to appear in CPAM)
Let V € L' L3(R3, (1 + |x]%)dx).

Let vy solve the Schrédinger equation with initial data
Yo = W(VNp)T(ko)Q, with p € H{(R3), |[l¢]2= 1.

Let @ solve the Gross-Pitaevskii equation with initial data g = .
Then

C clt|
nywt - |(pt><30t|Htr S Wece .
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Fermionic Mean-Field Regime



Collision of Nuclei

o]-0[2]9

J. A. Maruhn, private communication
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Fermionic Mean-Field Regime

m high density, weak interaction
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Fermionic Mean-Field Regime

m high density, weak interaction
m Pauli exclusion principle: no two fermions in same one-particle state!
Let A := antisymmetrization operator.
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Fermionic Mean-Field Regime

m high density, weak interaction
m Pauli exclusion principle: no two fermions in same one-particle state!
Let A := antisymmetrization operator.

Alp@p®@¢1...® pn—2) = 0.
Example: H =", —A; in box [0,1]3. Ground state:
j=1 J

ikix

o = A(p1®- - -®@pp) with @j(x) = "%, kj € 2rZ3, up to |ky| ~ N3,

N N
= Large kinetic energy: Z —Aj = Z ka ~ N5/3,
J=1 Jj=1
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Fermionic Mean-Field Regime

m high density, weak interaction
m Pauli exclusion principle: no two fermions in same one-particle state!
Let A := antisymmetrization operator.

Alp@p®@¢1...® pn—2) = 0.
Example: H =", —A; in box [0,1]3. Ground state:
j=1 J

ikix

Yo = A(p1®---@pp) with @;(x) = %%, ki € 2nZ>, up to |kn| =~ N3,
N N
= Large kinetic energy: Z —Aj = Z ka ~ N°/3.
j=1 j=1

m Non-trivial scaling:

N

. 1 &
Iatwt = Z —AJ + W Z V(X,' — Xj) ¢t.

j=1 i<j
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Fermionic Mean-Field Regime

m high density, weak interaction
m Pauli exclusion principle: no two fermions in same one-particle state!
Let A := antisymmetrization operator.

Alp@p®@¢1...® pn—2) = 0.
Example: H =", —A; in box [0,1]3. Ground state:
j=1 J

ikix

Yo = A(p1®- - @pp) with @;(x) = %%, ki € 2nZ>, up to |kn| =~ N3,
N N
= Large kinetic energy: Z —Aj = Z ka ~ N°/3.
j=1 j=1

m Rescaling time with ¢ := N~1/3 exposes semi-classical regime:

N N
1
€0y = Z —52Aj + N Z V(xi — xj) | ¥¢.

j=1 i<j

13 /15



Hartree-Fock Approximation

Restrict to simplest fermionic states, i.e. A(¢1 ® ... ® pp), and optimize
the choice of the ¢; € L2(R3). J
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Hartree-Fock Approximation

Restrict to simplest fermionic states, i.e. A(¢1 ® ... ® pp), and optimize
the choice of the ¢; € L2(R3).

m Approximate time-evolution

e—th/EA(gpl’o XR...Q SON,O) ~ A(@l,t R...Q SONJ').
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Hartree-Fock Approximation

Restrict to simplest fermionic states, i.e. A(¢1 ® ... ® pp), and optimize
the choice of the ¢; € L2(R3).

m Approximate time-evolution
e M A(p10® ... @ pno) 2 Alp1: @ ... @ PNe)-
m Effective Equation

1Y 1Y
€0+ = —82A@i,t+ﬁ Z (V * @) 2) Pt Z (V*(@i,tﬁ))wj,t-
j=1 j=1
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Hartree-Fock Approximation

Restrict to simplest fermionic states, i.e. A(¢1 ® ... ® pp), and optimize
the choice of the ¢; € L2(R3).

m Approximate time-evolution
e_th/EA(@l,o ®...00N0) = AlP1,: @ ... @ VNt

m Effective Equation

1Y 1Y
€0+ = —82A@i,t+ﬁ Z (V * @) 2) Pt Z (V*(@i,tﬁ))wj,t-
j=1 j=1

m Hartree-Fock equation for vF = L J-N:1|cpj7t><90j¢

iz—:@tvf”: = [—52A + Vxp — Xt,fytHF}.
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Hartree-Fock Approximation

Restrict to simplest fermionic states, i.e. A(¢1 ® ... ® pp), and optimize
the choice of the ¢; € L2(R3).

m Approximate time-evolution
e_th/EA(@l,o ®...00N0) = AlP1,: @ ... @ VNt

m Effective Equation

1Y 1Y
€0+ = —82A@i,t+ﬁ Z (V * @) 2) Pt Z (V*(@i,tﬁ))wj,t-
j=1 j=1

m Hartree-Fock equation for vF = L J-N:1|cpj7t><<pj¢

ie0T = [~e2A+ V ok p — Xe, 1T

m Narnhofer-Sewell '81, Spohn '81: — Vlasov equation.
Erdds-Elgart-Schlein-Yau '04: HF for t < tp, analytic potential.
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Validity and Error Bound

Theorem (B-Porta-Schlein '13, CMP 329)

Let [|V(p)|(1+ |p|)?dp < co. Let {pj}32, be orthonormal in [*(R3).

Let 1o = A(p1 ® ... ® @pn). Assume ‘semiclassical structure’

1D Yolller < €€, [l[eV Agelller < €C.

Let 1, solve the Schrédinger equation with initial data 1y, and 74‘”‘_ the
Hartree-Fock equation with initial data ~y,.
Then

C clt]
HF
|’7¢t -t Htr < N5/6 Cl
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Validity and Error Bound

Theorem (B-Porta-Schlein '13, CMP 329)
Let [|V(p)|(1+ |p|)?dp < co. Let {j}22, be orthonormal in L*(R3).

Let 1o = A(p1 ® ... ® @pn). Assume ‘semiclassical structure’

1D Yolller < €€, [l[eV Agelller < €C.

Let 1, solve the Schrédinger equation with initial data 1y, and 74‘”‘_ the
Hartree-Fock equation with initial data vy, .
Then

C clt]
HF
nyd)t -t Htr < N5/6 Cl

Theorem (B-Porta-Schlein '13, JMP 55)
Similar result for relativistic dispersion \/—&2/A + mZ2.
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Justification of the Semiclassical Structure

m Initial data: e.g. ground state of non-interacting fermions in a box,

Yo = .A((,Ol ... &8 (p/\/), QOJ'(X) = eiij, kj € 2nZ3.
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Justification of the Semiclassical Structure

m Initial data: e.g. ground state of non-interacting fermions in a box,

Yo = .A((,Ol ... &8 (p/\/), QOJ'(X) = eiij, kj € 2nZ3.

Then:
1Y 1 "
Yoo (Xiy) = %> @i(x)@j(y) = m Yoo ek
Jj=1 |k|<cNt/3
~ e.q(x—y)/edq _ (X — }/)
lgl<1
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Justification of the Semiclassical Structure

m Initial data: e.g. ground state of non-interacting fermions in a box,

Yo = .A((,Ol ... &8 (p/\/), QOJ'(X) = eiij, kj € 2nZ3.

Then:
1 1 )
Tliy) = 5 B = 5 D e
=t IK|<ch1/3
~ eiq(X—)’)/Edq =0 (X - }/) '
lq|<1 €

m In general trap:

Yo (X: ¥) zﬁp(xgy>x<x42—y>‘
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Trace-norm heuristically:

m Integral kernel

[, ol (x: y) 2 (x=y)e <X;y>x<xgy) ~ e (X;y)x(xgy).
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Trace-norm heuristically:

m Integral kernel

[, ol (x: y) 2 (x=y)e <X;y>x<xgy) ~ e (X;y)x(xgy).
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Trace-norm heuristically:

m Integral kernel

[, ol (x: y) 2 (x=y)e (X;y)x(xgy) ~ e <X;y)x<xgy).

m We have eV, vy, (x;¥) = Vo (X_y> X (%) + ..., but

[EV, vl (X1 y) = (Vi + Vy )y (X1 y) = €9 (X;y) Vx (X ;r y) :

m Semiclassical structure is stable w. r.t. Hartree-Fock evolution:
If satisfied by v,,, then for all times t:

1D, 76 Tl < eCelfl [V, A e < eCeclel.
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Proof: Bosonic Gross-Pitaevskii Regime



Recalling the Rodnianski-Schlein Method

m If factorization was preserved:

e MW(VNp)Q ~ W(VNp:)Q
T
W*(vNer)e "W (VNp) Q ~ Q,
=:U(t)
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Recalling the Rodnianski-Schlein Method

m If factorization was preserved:

e MW(VNp)Q ~ W(VNp:)Q
T
W*(vNer)e "W (VNp) Q ~ Q,
=:U(t)

m Basic estimate:

C
e = leed{eellle < 473 (Q U(ONU(H)Q).

m But r. h.s. can not be controlled in Gross-Pitaevskii regime because
W (v Ng;)S2 does not describe the correlations!
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Bogoliubov Transformation Approach

m For initial data W(v/N) T (ko)Q, we get
U(t) = T* (ke ) W* (V' Nepr)e W (VNQ) T (ko).
m Need to show y N 5
(Q, U (t)NU(t)Q2) < C(t).
By Gronwall’s lemma it is sufficient to show

%m, U ()N U(1)Q) < C(2)(Q, U ()N T(1)Q).

m Key step: identify cancellations between Schrddinger evolution and
Gross-Pitaevskii evolution.
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Coherent Part Cancellation
We have

(O()Q,NU()Q) = (U(t)Q, [iL(t), NTU(t)Q)

S

with

dT; aw;
L(t) :%t/Tt+ T {i dtf W, + WHW,| T,

1 1
~ T/ [aﬁ(ﬁwat%) +VNat + a8t + ﬁaﬁa’iaﬁ + Naﬂatiaﬁaﬁ T:.
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Coherent Part Cancellation

We have

(O()Q,NU()Q) = (U(t)Q, [iL(t), NTU(t)Q)

S

with

dT; aw;
L(t) :%15/Tt+ T {i dtf W, + WHW,| T,

1 1
~ T/ {aﬁ(\FNIGtcpt) +VNat + a8t + ﬁaﬁaﬁaﬁ + Naﬂatiaﬁaﬁ T:.

Use approximate Gross-Pitaevskii equation

i0rpr = —Ape + (N3f(N-)V(N-) * ‘¢t|2)90t

to get partial cancellation

F(VWidep) + VNa? = VIS (W(1— F(N) V(N = Lol )
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Bogoliubov Part Cancellation

d
SOORN Q) =

1 1 N
HQ, TF |[VNa* () + afa® + —=aafa® + —afafafaf| T U(1)Q
(0(1) { a"(..)+ a'a +maaa +Naaaa} +U()Q)

normalordered
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Bogoliubov Part Cancellation

Lo NI ~

dt
~ 1 1 ~
(u)Q, 7/ {\maﬁ(..) +a*af + ﬁaﬁaﬁaﬁ + Naﬁaﬁaﬁaﬂ T:U(t)2)

normalordered

Bogoliubov transformation
TiaxTe ~ ax + a"(ke(+, x))
destroys normalorder.
1
T (mau(..) + aﬁaﬁaﬁ) T: = linear + cubic,not normalordered
VN
= linear—tinear + cubic,normalordered.
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Bogoliubov Part Cancellation

d
SOORN Q) =

1 1 N
HQ, TF |[VNa* () + afa® + —=aafa® + —afafafaf| T U(1)Q
(0(1) { a"(..)+ a'a +maaa —I—Naaaa} +U()Q)

normalordered

Bogoliubov transformation
TiaxTe ~ ax + a"(ke(+, x))

destroys normalorder.

1
T (\/ Na®(..) + aﬁaﬁaﬁ) T+ = linear + cubic,not normalordered
vN
= linear—tinear + cubic,normalordered.

Normalordering of quartic terms creates quadratic terms.
Cancellations among quadratics due to (—A + %V)f =0. O

23 /15



Proof: Fermionic Mean-Field Regime



Particle-Hole Transformation

Redefine ‘particle’ as excitation over Slater determinant, through a unitary
R:F—F.

Let {¢;}jen orthonormal basis of L2(R3).

m Transformed vacuum:

RQ:={0,...,0, A(p1 ®...® ¢n),0,...} € F.
o

24 /15



Particle-Hole Transformation

Redefine ‘'particle’ as excitation over Slater determinant, through a unitary
R:F— F.

Let {¢;}jen orthonormal basis of L2(R3).

m Transformed vacuum:

RQ:={0,...,0, A(p1 ®...® ¢n),0,...} € F.
o

m Transformed operators (create “excitations”):

«f ypr._ ) alpi) fori< N  (creates hole)
Ra (e = { a*(pi) fori> N (creates particle).
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Particle-Hole Transformation

Redefine ‘'particle’ as excitation over Slater determinant, through a unitary
R:F— F.

Let {¢;}jen orthonormal basis of L2(R3).

m Transformed vacuum:

RQ:={0,...,0, A(p1 ®...® ¢n),0,...} € F.
o

m Transformed operators (create “excitations”):

«f ypr._ ) alpi) fori< N  (creates hole)
Ra (e = { a*(pi) fori> N (creates particle).

m Write as Bogoliubov transformation:

Ray R* = a(uy) + a"(vx).

24 /15



Analogy to Rodnianski-Schlein

m If HF approximation is good:
e HERNQ ~ R,
with Ry the particle-hole transf. with R:Q = A(¢1,+ ®

& Re MR Q~Q.
~—_————

=: U(t)

R SDN,f)'
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with Ry the particle-hole transf. with R:Q = A(p1,: @ ... ® on.¢).
& Re MR Q~Q.
—_———
=: U(t)
m More precisely

C
s =7 e < i (UOQNU(0)Q).
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Analogy to Rodnianski-Schlein

m If HF approximation is good:

e HERNQ ~ R,

with Ry the particle-hole transf. with R:Q = A(p1,: @ ... ® on.¢).

& Re MR Q~Q.
~—_————
=: U(t)

m More precisely

C
s =7 e < i (UOQNU(0)Q).

m By Gronwall, it is sufficient to prove

s%w(t)ﬂ,/\w(t)m < eC(t)(U(H)QNU(1)Q).
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Cancellations
m with dI'(O0) := [dx O(x; y)a}ay:

,-6% UH(ONU(E) = U*(6)R; (AT (10687 — [M, AT (187 ReU(2).
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Cancellations
m with dI'(O0) := [dx O(x; y)a}ay:

,-6% U ()N U(t) = U (£) R (AT (i0efF) = [M, dr (+f'F)]) Re U ).

m Normal-ordering R;[H,dl (v1F)|R;
~ quadratic 4+ quartic terms.

m Use Hartree-Fock equation for dI (iedyyHF)
~» quadratic terms cancel.
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Cancellations
m with dI'(O0) := [dx O(x; y)a}ay:

,-6% UH(ONU(E) = U*(6)R; (AT (10687 — [M, AT (187 ReU(2).

m Normal-ordering R;[H,dl (v1F)|R;
~ quadratic 4+ quartic terms.

m Use Hartree-Fock equation for dI(icd,~HF)
~> quadratic terms cancel.

m Remaining:

adi(U(t)Q,NU(t)m

t
~ % / V(x—y) (U(E)R, 3" (ue, ) a(uey ) a( v )a(uex) U(£)) dxdy.

Have to extract a factor € from r. h.s.

26 / 15



Using the Semiclassical Structure

m Notice
1
3 | VU0 ey Valuey Yol ) al e U(E)) dxcdly.

where
/vmxumx dx = 0.
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Using the Semiclassical Structure

m Notice

1
| VU093 (w1 )aluey )a(ve ) ol ) U(DQ) dxdy,
where
/vmxumx dx = 0.

m But there is V(x—y).
~~ Commute u; and V.

m Use Fourier:

/ Vo€ g dx = / V[P, ue] (-, x) dx = / Ve[, NAPF](., x) dx.

gain €

O]

27 /15



	Appendix

