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Quantum mechanics [Teschl, Section 2.1]

A quantum theory consists of a complex Hilbert space (H, ⟨·, ·⟩) and self-adjoint operators
A1, A2, . . . ,H.

• Vectors ψ ∈ H describe states of the system.

• A1, A2, . . . correspond to observables, e.g., position and momentum.

• H corresponds to the observable “total energy”.

• States evolve according to the Schrödinger initial-value problem

i
d
dtψ(t) = Hψ(t), ψ(0) = ψ0 ∈ H.

• In experiments we obtain averages ⟨ψ,Aiψ⟩ ∈ R.

Example. H = L2(R3), H = −∆ (kinetic energy), or H = −∆ + V (Schrödinger opera-
tor). The observables include p = −i∇ (momentum), x (position), and angular momentum.
Interpretation of the wave function ψ ∈ L2(R3): Given a measurable set Ω ⊂ R3,∫

Ω
|ψ(x)|2 dx = probability of finding a particle in Ω.

States are therefore typically normalized: ∥ψ∥2
2 =

∫
R3 |ψ(x)|2 dx = 1.

0 Basic functional analysis [Teschl, Sections 0.2–0.6]

Definition. A Banach space is a complex vector space with norm ∥·∥ that is complete: every
Cauchy sequence converges. A sequence (xn) is Cauchy if

∀ε > 0 ∃N ∈ N ∀k, ℓ ≥ N : ∥xk − xℓ∥ < ε.

Example (Lp spaces). For 1 ≤ p < ∞,

Lp(Rd) := {[f ] : f : Rd → C measurable and
∫

|f |p dx < ∞}, ∥[f ]∥p :=
(∫

|f |p dx
)1/p

.

Here [f ] denotes the equivalence class of functions equal to f almost everywhere (outside a set
of measure zero). Also,

L∞(Rd) := {[f ] : f : Rd → C measurable and ess sup
x∈Rd

|f(x)| < ∞},

∥[f ]∥∞ = inf
g∈[f ]

sup
x∈Rd

|g(x)|.

These are Banach spaces. In the following we write f rather than [f ].

Definition. Let X,Y be normed vector spaces. An operator is a linear map A : X → Y :

A(x+ x′) = Ax+Ax′, A(λx) = λAx ∀x, x′ ∈ X,λ ∈ C.

It is bounded if its operator norm

∥A∥ := sup
x∈X, ∥x∥=1

∥Ax∥

is finite.

2



Lemma 0.1. An operator is continuous if and only if it is bounded.

Proof. If A is continuous, it is continuous at zero. Thus there is δ > 0 such that ∥x∥ < δ
implies ∥Ax∥ < 1. For x ̸= 0,

∥Ax∥ = ∥A
(
x

∥x∥
δ

2

)
∥ · 2

δ
∥x∥ ≤ 2

δ
∥x∥.

Thus A is bounded. Conversely, if C = sup∥x∥=1∥Ax∥ < ∞, then for x ̸= y,

∥A(x− y)∥ = ∥A x− y

∥x− y∥
∥∥x− y∥ ≤ C∥x− y∥.

Hence A is continuous (in fact even Lipschitz continuous).

Definition. L(X,Y ) is the space of bounded operators X → Y ; L(X) := L(X,X); and
X∗ := L(X,C) is the dual space of X.

Remark. • L(X,Y ) is a vector space with (A+B)x = Ax+Bx and (λA)x = λ(Ax).

• If Y is a Banach space, then L(X,Y ) with the operator norm is a Banach space.

• We have ∥Ax∥ ≤ ∥A∥∥x∥. Therefore, if A ∈ L(X,Y ) and B ∈ L(Y,Z), then ∥BA∥ ≤
∥B∥∥A∥.

Definition. A Hilbert space is a complex vector space H with an inner product ⟨·, ·⟩ : H×H →
C satisfying

⟨x, y + z⟩ = ⟨x, y⟩ + ⟨x, z⟩, ⟨x, λy⟩ = λ⟨x, y⟩,
⟨x, y⟩ = ⟨y, x⟩, ⟨x, x⟩ > 0 ∀x ̸= 0,

which is complete for the induced norm ∥x∥ :=
√

⟨x, x⟩.
We use the physicists’ convention: the inner product is antilinear in the first variable and
linear in the second. Mathematicians often use the opposite convention.

Lemma 0.2 (Cauchy–Schwarz inequality). We have |⟨x, y⟩| ≤ ∥x∥∥y∥ for all x, y ∈ H.

Example. L2(Rd) with ⟨f, g⟩ =
∫
f(x)g(x) dx is a Hilbert space.

Theorem 0.3 (Fréchet–Riesz). For every f ∈ H∗ there is a unique x ∈ H such that f(y) =
⟨x, y⟩ for all y ∈ H. In Dirac bra-ket notation, f = ⟨x, ·⟩ = ⟨x|.

Theorem 0.4 (Bounded inverse theorem). If X,Y are Banach spaces and A : X → Y is
bounded and bijective, then A−1 : Y → X is bounded.

Definition. For vector spaces X,Y , the cartesian product X × Y equipped with the vector
space operations

(x1, y1) + (x2, y2) := (x1 + x2, y1 + y2), λ(x, y) := (λx, λy)

is called the direct sum X ⊕ Y . If X,Y are normed, set ∥(x, y)∥2 = ∥x∥2 + ∥y∥2. The graph of
a linear map A : X → Y is

ΓA = {(x, y) ∈ X ⊕ Y : y = Ax}.

The operator is called closed if its graph is closed, i. e., every convergent sequence in ΓA has
its limit in ΓA.
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Theorem 0.5 (Closed graph theorem). Let X,Y be Banach spaces and A : X → Y linear
(defined on all of X!). Then A is bounded if and only if A is closed.

Proof. If A is continuous and (xn, yn) ∈ ΓA converges to (x, y) ∈ X ⊕ Y , then y = lim yn =
limAxn = Ax. Thus (x, y) ∈ ΓA. So ΓA is closed.
Conversely, if ΓA is closed, it is itself a Banach space. The map

P : ΓA → X, (x, y) 7→ x

is linear, bijective and continuous. By the bounded inverse theorem, P−1 : X → ΓA is bounded.
Hence

∥Ax∥ ≤
√

∥x∥2 + ∥Ax∥2 = ∥(x,Ax)∥ = ∥P−1x∥ ≤ ∥P−1∥∥x∥.

So A is continuous.

In physics we encounter unbounded but closed operators. This is possible because they are
not defined on all of X, but only on a dense subspace. A bounded operator defined on a dense
subspace can always be extended by continuity to the whole space.

1 Spectrum and resolvent [Teschl, Section 2.4]

Definition. Let X be a Banach space and D ⊂ X a linear subspace. A linear operator in X
with domain D is a linear map A : D → X:

A(λ1x1 + λ2x2) = λ1Ax1 + λ2Ax2.

Its range is ranA := {Ax : x ∈ D}. It is densely defined if D = X, and closed if ΓA =
{(x,Ax) : x ∈ D} is closed in X ⊕X. An operator B is an extension of A, written A ⊂ B, if
D(A) ⊂ D(B) and Ax = Bx for every x ∈ D(A).

Remark. An operator consists of both a mapping prescription and a domain! A = B means
equality of domains and actions.
Adding unbounded operators requires care with their domains: the intersection of the domains
may be only {0}.
We often write A− λ for A− λ1. Since 1 is defined everywhere, A− λ is naturally defined on
D(A).

End of Lecture 1

Definition. The resolvent set, resolvent, spectrum and point spectrum are

ρ(A) := {λ ∈ C : A− λ : D(A) → X is bijective and (A− λ)−1 is bounded},
Rλ(A) := (A− λ)−1, λ ∈ ρ(A),
σ(A) := spec(A) = C \ ρ(A),
σp(A) := {λ ∈ C : λ is an eigenvalue of A}.

Reminder: boundedness of the inverse means ∥(A− λ)−1∥ = sup∥x∥=1∥(A− λ)−1x∥ < ∞.

Remark. σp(A) ⊂ σ(A), but in general they are not equal.
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Example. 1. If X = Cn and A ∈ L(X), then σ(A) = σp(A) is the set of eigenvalues of the
matrix A.

2. On X = L2(R), let D := {f ∈ L2(R) :
∫

|xf(x)|2 dx < ∞} and (Af)(x) := xf(x)
(position operator). Then σ(A) = R, σp(A) = ∅, and ρ(A) = C \ R.

3. Let X = C([0, 1]) with ∥f∥ := supx∈[0,1] |f(x)| and Ak : Dk ⊂ X → X, (Akf)(x) := f ′(x),
k = 1, 2, 3, 4, where

D1 := C1([0, 1]),
D2 := {f ∈ D1 : f(0) = 0},
D3 := {f ∈ D1 : f(0) = f(1)} (periodic boundary conditions),
D4 := {f ∈ D1 : f(0) = 0 = f(1)} (Dirichlet boundary conditions).

All Ak are closed, and
σ(Ak) σp(Ak)

A1 C C
A2 ∅ ∅
A3 2πiZ 2πiZ
A4 C ∅

Proof. For closedness, consider a sequence φn ∈ D1, φn → φ and A1φn = φ′
n → ψ in X.

According to the chosen norm on X, both convergences are uniform convergence. Therefore
φ ∈ C1([0, 1]) and φ′ = ψ. Thus A1 is closed. If φn ∈ Dk, k = 2, 3, 4, then the same argument
applies, and additionally the limit satisfies the same boundary conditions, so these operators
are also closed.
To show σ(A1) = σp(A1) = C: For every λ ∈ C, the function x 7→ eλx belongs to D1 and is an
eigenfunction of A1 with eigenvalue λ.
To show σ(A2) = ∅, we construct its resolvent explicitly. Solving (A2 − λ)f = g for f means
finding f ∈ C1([0, 1]) with f(0) = 0 and f ′ − λf = g. The unique solution of this ordinary
differential equation is

f(x) =
∫ x

0
eλ(x−t)g(t) dt =: (Sg)(x).

The operator S is bounded, SX ⊂ D2, and (A2 − λ)Sg = g. To complete the proof that
S = (A2 − λ)−1, it remains to show S(A2 − λ)g = g. In fact, for g ∈ D2,

S(A2 − λ)g(x) =
∫ x

0
eλ(x−t)(g′(t) − λg(t)) dt = g(x).

Thus S = Rλ(A2). The spectra of A3, A4 are left as an exercise.

prop:resolvent Proposition 1.1. Let A : D ⊂ X → X be a linear operator and λ, µ ∈ ρ(A). Then

(i) Rλ(A) −Rµ(A) = (λ− µ)Rλ(A)Rµ(A);

(ii) Rλ(A)Rµ(A) = Rµ(A)Rλ(A);

(iii) Rλ(A)A ⊂ ARλ(A);

(iv) ARλ(A) = 1 + λRλ(A).

Proof. For (i),

(A− λ)−1 − (A− µ)−1 = (A− λ)−1[(A− µ) − (A− λ)](A− µ)−1

= (λ− µ)(A− λ)−1(A− µ)−1.

5



Part (ii) follows by applying (i) twice. For (iii) and (iv): if x ∈ D, then

Rλ(A)Ax = Rλ(A)(A− λ)x+ λRλ(A)x = x+ λRλ(A)x.

For every x ∈ X,

ARλ(A)x = (A− λ)Rλ(A)x+ λRλ(A)x = x+ λRλ(A)x.

Definition. Let U ⊂ C be open. A function L : U → L(X), z 7→ L(z), is called analytic if
z 7→ f(L(z)x) is analytic for every x ∈ X and f ∈ X∗.
Recall that a complex-valued function is analytic if every point has a neighbourhood where f
is equal to its Taylor series in that point. Equivalently a complex-valued function is analytic if
it is complex differentiable (holomorphic).

The following lemma is fundamental for what comes next. For now, it is our main method for
constructing inverse operators and hence resolvents.

lem:neumann Lemma 1.2 (Neumann series, simplified). Let X be Banach and T ∈ L(X) with ∥T∥ < 1.
Then 1 − T is bijective, the inverse is also bounded, and

(1 − T )−1 =
∞∑

n=0
Tn.

Note that this is just the geometric series generalized to operators. In fact, the proof is the
same as for the geometric series in complex numbers.

Proof. Set Sk := ∑k
n=0 T

n. For ℓ > k,

∥Sℓ − Sk∥ = ∥
ℓ∑

n=k+1
Tn∥ ≤

ℓ∑
n=k+1

∥T∥n ≤
∞∑

n=k+1
∥T∥n −→ 0.

Thus (Sk) is Cauchy in the Banach space L(X), and therefore converges to some S. We still
have to prove that S is actually the inverse:

(1 − T )Sk =
k∑

n=0
Tn −

k∑
n=0

Tn+1 = 1 − T k+1 −→ 1,

since ∥T k+1∥ ≤ ∥T∥k+1 → 0. Since T is bounded, it is also continuous, so (1 − T )S =
limk→∞(1 − T )Sk = 1. By the same method we can show that S(1 − T ) = 1.

thm:analytic Theorem 1.3. Let A : D ⊂ X → X be a linear operator. Then:

(i) ρ(A) is open, σ(A) is closed, and z 7→ Rz(A) is analytic on ρ(A). For z0 ∈ ρ(A),

B∥Rz0 (A)∥−1(z0) ⊂ ρ(A).

Moreover, for all z in this ball we have

Rz(A) =
∞∑

n=0
Rz0(A)n+1(z − z0)n.

(Here Br(z0) denotes the open ball of radius r about z0.)
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(ii) For all z0 ∈ ρ(A) we have ∥Rz0(A)∥ ≥ 1
dist(z0, σ(A)) .

Proof. For z0 ∈ ρ(A) and z ∈ C,

A− z = A− z0 − (z − z0) = [1 − (z − z0)Rz0(A)](A− z0).

The second factor has a bounded inverse. If |z − z0|∥Rz0(A)∥ < 1, the Neumann series inverts
the first factor:

[1 − (z − z0)Rz0(A)]−1 =
∞∑

n=0
Rz0(A)n(z − z0)n.

Consequently z ∈ ρ(A) and the asserted expansion follows. In particular, the resolvent is
analytic. This proves (i).
If z ∈ σ(A), the same argument shows that |z − z0|∥Rz0(A)∥ ≥ 1 (otherwise we’d have a
contradiction). Taking the infimum over z ∈ σ(A) proves (ii), where we use the convention
dist(z0,∅) = ∞.

Theorem 1.4 (Liouville). If a function is analytic on all of C and bounded, then it is constant.

Proof reference. For complex-valued functions, see for example Rudin, Real and Complex
Analysis. For operator-valued functions, use the result for complex-valued functions and the
definition of analyticity above.

Corollary 1.5. If A ∈ L(X) and X ̸= {0}, then

σ(A) ⊂ {z ∈ C : |z| ≤ ∥A∥}, σ(A) ̸= ∅.

End of Lecture 2

Proof. For |z| > ∥A∥, write z − A = z(1 − z−1A). Both factors have bounded inverses, the
second by the Neumann series. Thus z ∈ ρ(A), and

(z −A)−1 =
∞∑

n=0
(z−1A)nz−1 = −Rz(A).

Suppose now that σ(A) = ∅. The map z 7→ (z −A)−1 is analytic on all of C, and

∥(z −A)−1∥ ≤ 1
|z|

∞∑
n=0

∥z−1A∥n = 1
|z| − ∥A∥

−→ 0 (|z| → ∞).

Being continuous and converging to zero at infinity, the function is bounded. So Liouville
implies that it is constant. The only constant value comptabile with convergence to zero at
infinity is zero. This contradicts (A− z)Rz(A) = 1.

2 Symmetric and self-adjoint operators [Teschl, Section 2.2]

Throughout the chapter, H is a Hilbert space.
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Definition. Let A : D(A) ⊂ H → H be linear and densely defined. Its adjoint operator
A∗ : D(A∗) ⊂ H → H is defined as follows: φ ∈ D(A∗) if there exists φ∗ ∈ H such that

⟨φ,Aψ⟩ = ⟨φ∗, ψ⟩ for all ψ ∈ D(A).

Set A∗φ := φ∗.

Check that φ∗ is unique and that φ 7→ φ∗ is linear.

Remark. • A ⊂ B implies A∗ ⊃ B∗.

• It can happen that D(A∗) = {0}.

From now on, A : D ⊂ H → H always means a linear densely defined operator, unless explicitly
stated otherwise.

Proposition 2.1. The adjoint A∗ is always closed.

Proof. Consider a convergent sequence in ΓA∗ , that is, let φn ∈ D(A∗), φn → φ, and
A∗φn → ψ ∈ H. We have to show that the limit point (φ,ψ) is in ΓA∗ , i. e., that ψ = A∗φ.
For every η ∈ D(A), continuity of the inner product gives

⟨φ,Aη⟩ = lim
n→∞

⟨φn, Aη⟩ = lim
n→∞

⟨A∗φn, η⟩ = ⟨ψ, η⟩.

Thus φ ∈ D(A∗) and A∗φ = ψ, proving closedness.

Definition. Vectors x, y ∈ H are orthogonal, written x ⊥ y, if ⟨x, y⟩ = 0. For M ⊂ H, its
orthogonal complement is M⊥ = {x ∈ H : x ⊥ y for all y ∈ M}.

Remark. M⊥ is a closed subspace; M ⊂ (M⊥)⊥; if M is a subspace, (M⊥)⊥ = M ; and
(M)⊥ = M⊥.

Definition. The kernel of A is kerA := {φ ∈ D(A) : Aφ = 0}.

prp:kerran Proposition 2.2. For densely defined A, kerA∗ = (ranA)⊥. In particular, (ranA)⊥ ⊂
D(A∗). Moreover, kerA∗ = {0} implies ranA = H.

Proof. kerA∗ = (ranA)⊥: By density of D(A),

φ ∈ kerA∗ ⇐⇒ ⟨A∗φ,ψ⟩ = 0 (∀ψ ∈ D(A))
⇐⇒ ⟨φ,Aψ⟩ = 0 (∀ψ ∈ D(A)) ⇐⇒ φ ∈ (ranA)⊥.

Reading this in the reverse direction, φ ∈ (ranA)⊥ implies φ ∈ D(A∗), with A∗φ = 0.
(ranA)⊥ ⊂ D(A∗): Follows from the first part and kerA∗ ⊂ D(A∗).

kerA∗ = {0} implies ranA = H:

H = {0}⊥ = (kerA∗)⊥ = ((ranA)⊥)⊥ = ranA.

This concludes the proof.

Definition. A densely defined operator A is called symmetric if A ⊂ A∗, of equivalently if
⟨Aφ,ψ⟩ = ⟨φ,Aψ⟩ for all φ,ψ ∈ D(A).
It is called self-adjoint if A = A∗, i. e., it is symmetric and D(A) = D(A∗).
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Remark. For bounded operators, symmetric, self-adjoint and Hermitian mean the same thing.

Theorem 2.3 (Hellinger–Toeplitz). Let A : H → H be linear and symmetric, defined on all
of H. Then A is bounded.

Proof. We show that ΓA is closed, then boundedness follows from the closed graph theorem.
Let xn → x and Axn → y for some y ∈ H. For all z ∈ H, we have

⟨z, y⟩ = lim
n→∞

⟨z,Axn⟩ = lim
n→∞

⟨Az, xn⟩ = ⟨Az, x⟩ = ⟨z,Ax⟩.

Thus y = Ax and therefore the tuple (x, y) is in ΓA.

In quantum mechanics we typically encounter symmetric unbounded operators, e.g., the
position operator. Hellinger–Toeplitz shows that we inevitably have to study operators defined
only on a dense subspace.

Definition. C∞(Rn) denotes the complex-valued arbitrarily many times differentiable (smooth)
functions. For a multi-index α = (α1, . . . , αn) ∈ Nn, set

∂αf := ∂|α|f

∂xα1
1 · · · ∂xαn

n
, xα := xα1

1 · · ·xαn
n , |α| := α1 + · · · + αn.

The Schwartz space is

S(Rn) := {f ∈ C∞(Rn) : sup
x

|xα∂βf(x)| < ∞ for all α, β ∈ Nn}.

Remark. Without proof we state the following facts:

1. S(Rn) is dense in L2(Rn), because C∞
0 (Rn) ⊂ S(Rn) and C∞

0 (Rn) is dense in L2(Rn).
Here C∞

0 , also denoted C∞
c , consists of smooth functions with compact support.

2. The Fourier transform F : S(Rn) → S(Rn) is bijective.

Example (Momentum operator). Let H = L2(R), D(A) = S(R) and Af = −if ′. Then A is
symmetric, but not self-adjoint.

Proof of symmetry. For f, g ∈ S(R), integration by parts gives

⟨f,Ag⟩ = −i
∫
f(x)g′(x) dx =

∫
−if ′(x)g(x) dx = ⟨Af, g⟩.

There are no boundary terms because Schwartz functions and their derivatives tend to zero as
x → ±∞. Thus A ⊂ A∗.

eq:geninv Proposition 2.4 (Generalized bounded inverse theorem). Let X,Y be Banach spaces and
A : D ⊂ X → Y linear, bijective and closed. Then A−1 : Y → X is bounded.

This proposition is useful because almost all operators we encounter are closed. Recall that
the definition of the resolvent set requires us to check that the resolvent is bounded. According
to the present theorem, the boundedness comes for free and does not have to be checked for
closed operators. The most common operators in quantum mechanics are self-adjoint, therefore
we know that they are closed.
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Proof of Proposition
eq:geninv
2.4. Since AD = Y ,

ΓA−1 = {(y,A−1y) : y ∈ Y }
= {(Ax,A−1Ax) : x ∈ D} = {(Ax, x) : x ∈ D} = IΓA,

where I : X⊕Y → Y ⊕X, I(x, y) = (y, x), is a bijective isometry (that means, leaves the norm
invariant). Thus ΓA−1 is closed if and only if ΓA is closed. But ΓA is closed by assumption.
Now apply the closed graph theorem to A−1.

lem:symmetric-estimate Lemma 2.5. Let A be symmetric and λ, µ ∈ R. For every φ ∈ D(A),

∥(A− λ− iµ)φ∥2 = ∥(A− λ)φ∥2 + µ2∥φ∥2.

Proof. Expanding the squared norm and recalling that the inner product is antilinear in the
first argument but linear in the second gives

∥(A− λ− iµ)φ∥2 = ⟨(A− λ)φ, (A− λ)φ⟩
− iµ⟨(A− λ)φ,φ⟩ + iµ⟨φ, (A− λ)φ⟩ + µ2∥φ∥2.

The mixed terms cancel by symmetry of the operator A.

End of Lecture 3
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