Universita degli studi di Milano, Fall 2026 Prof. Dr. Niels Benedikter

Metodi Matematici della Meccanica Quantistica

Assignment 3

Problem 1: Weyl criterion

Complete the proof of the Weyl criterion by showing that: If there exists a Weyl sequence
for A € C, then A € o(A).

Problem 2: Coulomb potential

a.

Suppose that V € L? + L>*(R3). Show that the L-part can be made arbitrarily
small, i.e., for every ¢ > 0 there exist V5 € L*(R%) and VE € L*>(R?) such that
V =Vs+V: and ||V5]2 < e.

. Show that the Coulomb potential, defined by V(z) := ﬁ for x # 0 and V(0) := 0, is

in L2 4+ L®(R3).

Problem 3: Sobolev inequalities

a.

Assume that for functions defined on R™ a Sobolev inequality of the following form
holds: There exists a constant (), , , such that for all f we have

1A llze < CopallVE v

Given n and p, consider a rescaling fy(x) = f(Az) by a parameter A > 0 to determine
the only possible exponent ¢ for which this can hold.

. Let w € H™(R™) with m > n/2. Use the Fourier transform to show that v € L>(R")

and
[wl|Loe < Crnnllullzm (1)

where the constant (), ,, does not depend on w.
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