Universita degli studi di Milano, Fall 2026 Prof. Dr. Niels Benedikter

Metodi Matematici della Meccanica Quantistica

Assignment 5

Problem 1: Method of Stationary Phase

Let w € C®°(R"™) and v € C§°(R™). Let G be an open neighbourhood of {Vw(k) | k €
supp(u)}. For simplicity consider only n = 1 in the following (but note that the result
holds for any n € N).

Show that for all m € N there exists ¢,,, € R such that

for all z and ¢ satisfying % ZG.

(1+ |t|)

Heuristics: This quantifies the intuition that positive and negative parts of the integral
cancel if the phase is rapidly oscillating. The integral “survives” only when the phase is
stationary (when z/t € G).

Hint: Let ¢(k) := k% —w(k). Use e®®) (W%) (%) ¢'?®)t and integration by parts.

Problem 2: Wave Operators for Pseudo-Relativistic Particle
Let w(p) := /p? + 1 and consider the pseudo-relativistic Hamiltonian
H=Hy+V, Hy=vV-A+1:=F T, F

where the potential V' € L*(R™ R) satisfies, for some p > 1, the decay |V (z)| <
const - |x|7* for |z| > R. You can take for granted that H = H* on D(H,).

Show that the wave operators {24 exist.

Hint: Let D ={p € S(R") | ¢ € C(R™"\{0})}. Let ¢ € D with supp(¢) C {|p| > €}.
Then for all p € supp(¢) we have by monotonicity

p| £
Vw =:20.
V) = VP2 +1 Vg2 +1

Decompose the potential into parts |z| < 6t and |z| > dt.

Page 1 of



